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We consider a quantum system in contact with a heat bath consisting in an infinite
chain of identical sub-systems at thermal equilibrium at inverse temperature 8. The
time evolution is discrete and such that over each time step of duration t, the reference
system is coupled to one new element of the chain only, by means of an interaction of
strength A. We consider three asymptotic regimes of the parameters A and t for which
the effective evolution of observables on the small system becomes continuous over
suitable macroscopic time scales 7 and whose generator can be computed: the weak
coupling limit regime A — 0, T = I, the regime  — 0, A>T — 0 and the critical case
A7 =1, T — 0. The first two regimes are perturbative in nature and the effective
generators they determine is such that a non-trivial invariant sub-algebra of observables
naturally emerges. The third asymptotic regime goes beyond the perturbative regime
and provides an effective dynamics governed by a general Lindblad generator naturally
constructed from the interaction Hamiltonian. Conversely, this result shows that one
can attach to any Lindblad generator a repeated quantum interactions model whose
asymptotic effective evolution is generated by this Lindblad operator.

KEY WORDS: Markovian approximation, repeated quantum interactions

1. INTRODUCTION

This paper is concerned with the study of the weak coupling limit, and variations
thereof, of open quantum systems consisting in a small quantum system defined
by a Hamiltonian /4, on a Hilbert space H coupled to an environment or field or
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heat bath modelled by an infinite chain of identical independent n + 1-level sub-
systems on ®y+H, with z finite. The coupling between the distinguished system
and the chain is provided by a discrete sequence of interactions of the small system
with one individual sub-system of the chain, in the following way: if 7 > 0 is a
microscopic time scale, over a macroscopic time interval 10, k7], k € N*, the small
system is coupled with elements 1, 2, .. ., k of the chain, in sequence, for the same
time t and with the same interaction of strength A. The interactions we consider are
of the linear minimal coupling type Zj':o Vi®a;+V; Qaj, wherethea}’s and
a;’s are creation and annihilation operators relative to the levels of the sub-system
and the V;’s are arbitrary operators on Hy. Note that a Hamiltonian formulation of
our system necessarily involves a piecewise constant time-dependent generator.

Similar models of repeated quantum interactions are used in physics in quan-
tum optics, in the theory of repeated quantum measurement or in decoherence,
see e.g..*®15 Our primary motivation actually comes from the recent paper.®)
It is shown there that such repeated interactions models converge in some subtle
limiting procedure to models of open quantum systems in contact with a heat
bath consisting in continuous fields of quantum noises, at zero temperature. This
result, to which we come back below, justifies in a sense our a priori somewhat
non-conventional point of view in considering the chain as a model of heat bath.

The lack of coupling, and thus of coherence, between the elements of the
chain allows to expect that an effective continuous dissipative dynamics for pure
states or observables on the small system of the form e’ should emerge when
the number & of discrete interactions goes to infinity and the coupling A with
the chain elements is weak, in the familiar weak coupling regime. Recall that
this corresponds to choosing ¢ € R and considering N 5 k = ¢/A? so that the
macroscopic time scale equals 7 = t¢/A%. When t is fixed and A — 0, both &
and T go to infinity as 1/A%. Moreover, in the setting adopted here, we have
another parameter at hand which is the microscopic interaction time t of the small
system with each individual element of the chain. It allows us to explore different
asymptotic regimes, as T goes to zero as well, which characterizes the continuous
limit, over suitable macroscopic time scales 7.

One goal of this paper is to establish the existence of effective continuous
Markovian dynamics in weak and/or continuous limits defining three asymp-
totic regimes of the parameters (A, ). We consider successively the effective
Schrodinger evolution on the small system at zero temperature and, when the
chain is at equilibrium at zero or positive temperature, the Heisenberg evolution
of observables on the small system. The analysis relies on the following property
of the model, which is inherent to its definition. The effective dynamics on the
small system of pure states or of observables from time 0 to time £t is shown to
be given by the kth power of a linear operator, which depends on the parameters
X and 7. This expresses the Markov property in a discrete setting.
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The first part of the paper is devoted to the usual weak limit regime A — 0, t
fixed and T = tt/A* — 00,0 < ¢ finite. While the existence of an effective
dynamics obtained by a weak limit procedure is proven for a large class of
time-independent Hamiltonian systems, as well as in certain time-dependent sit-
uations, see e.g.,®7%1912) this question is not addressed in the literature for the
case under study. We show the existence an effective dynamics driven by a t
dependent generator which we determine. This first result is obtained by adapting
the arguments developed in the study of the weak coupling regime for stationary
Hamiltonians to our discrete quantum dynamics framework.

The method is then extended to accommodate the whole range t — 0, AT —
0 over macroscopic time scales T = ¢/(tA%) — oo, which defines our second
regime. This gives rise to an effective dynamics driven by a T independent generator
we compute as well and to which we come back below. The analysis of these first
two regimes is strongly related to regular perturbation theory in the parameter A2t
and we refer to these regimes as perturbative regimes. Technically, the study of
the second regime relies on an asymptotic analysis in the two parameters A and t
of the discrete evolution of our system. The divergence of the macroscopic time
scale imposes, as usual, some renormalization of the dynamics by the restriction
of the uncoupled dynamics. Finally, note that in the second regime, the interaction
strength X is not required to go to zero and can even diverge. The common
feature of the generators of the dynamics of observables obtained in these first two
regimes is that they commute with the generator i[/, -] of the uncoupled unitary
evolution restricted to Hy. In other words, the corresponding effective dynamics
admits the commutant of % as a non trivial invariant sub-algebra of observables.
This property is well known in the weak coupling regime for time-independent
Hamiltonians.-%1?)

To motivate the study of our third regime, let us come back to the use of
repeated quantum interactions models in Ref. 3 which allows to derive effective
open quantum systems in some asymptotic regime. The limiting procedure of
Ref. 3 gives rise in a natural and spontaneous way to effective dynamics on the
Hilbert space Hj of the small system governed by quantum Langevin equations.
The techniques used are those of Quantum Stochastic Calculus; see the volumes®)
for an introduction. The considered limit involves at the same time the time scale
7, the strength of interaction A as well as a notion of spacing between the sub-
systems forming the chain in an intricate way. While reminiscent of weak coupling
methods in spirit, the limiting procedure of Ref. 3 is nevertheless distinct from
the weak coupling limit. Indeed, while T — 0, the product A%z is kept constant
in Ref. 3, which leads us beyond the perturbative regime. Hence the definition of
a third regime given by the critical scaling At = 1 and 7 — 0 in our repeated
quantum interactions model. The relevant macroscopic time scale in this regime
is T =1t/(A\*t) = t, which is finite. The goal is to derive an effective evolution
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of observables for a chain at inverse temperature S which we compare with the
results of Ref. 3.

With this scaling, we show that an effective Heisenberg dynamics for observ-
ables on H, emerges at any temperature. It is generated by a general Lindblad
operator whose dissipative part is explicitly constructed in terms of the V;’s defin-
ing the coupling in the Hamiltonian, whereas its conservative part is simply i[ 4, -].
At zero temperature, we recover the effective Heisenberg dynamics of observables
on H, of Ref. 3 obtained by means of quantum noises. At positive temperature,
our generator coincides with a construction proposed in Ref. 13 for certain models
using an a priori modelization of the heat bath by some thermal quantum noises,
generalizing those used at zero temperature. For any temperature, the effective
dynamics is distinct from that obtained in the previous two perturbative regimes.
In particular, the generator obtained does not commute with i[%g, -] anymore; the
generator of the uncoupled evolution restricted to H,. Hence, there is no obvious
sub-algebra of observables left invariant by the effective dynamics of observables.
The analysis of this critical case makes use of Chernoff’s Theorem, rather than
perturbative methods.

Let us compare the generator of the effective dynamics of observables
obtained in the regime v — 0, 7A> — 0, and the general Lindblad operator
obtained as T — 0 with A2 = 1. In the former case, the generator is obtained
from the dissipative part of the Lindblad operator of the latter case by retaining its
diagonal terms only with respect to the spectral decomposition of the uncoupled
evolution restricted to H,. Or, in an equivalent way, by performing a time average
of the Lindblad operator with respect to the uncoupled evolution restricted to H,.
This defines the so-called # operation that makes the commutant of /4 invariant
under the effective dynamics in the regime ¢ — 0, 7A?> — 0 (and in the weak
coupling regime as well). Our results show that the # operation is present as long
as A2t — 0, whereas it disappears in the critical regime TA> = 1. In other words,
in the regime © — 0, TA?> — 0, a non-trivial distinguished invariant sub-algebra
of observables exists, whereas in the critical case T — 0, TA2 = 1, there is a
priori no sub-algebra left invariant by the effective dynamics, since its generator
takes the form of a generic Lindblad operator.

We finally note here that from a practical point of view, the modelization of the
dynamics of observables (or states) of a small system in contact with a reservoir ata
certain temperature often starts with a choice of a certain Lindblad generator suited
to the physical phenomena to be discussed. Our analysis allows to assign to any
Lindblad generator a simple model of repeated quantum interactions, with explicit
couplings constructed from the Lindblad generator, whose effective dynamics in
the limit T — 0, A = 1/4/7, is generated by the chosen Lindblad operator.

The paper is organized as follows. The general setup and definition of the
model are provided in the next section. For the reader’s convenience we also state
there our main result in the Heisenberg picture for positive temperature in a an
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abridged form. Section 3 is devoted to the analysis of the weak limit of the model
at zero temperature, in the Schrédinger picture. Our main results in this setup are
expressed as Corollary 3.2 for the weak coupling regime and Corollary 3.3 for the
regime A’ — 0, T — 0. This section also contains the technical basis underlying
our perturbative analysese in both the Schrodinger and Heisenberg pictures. The
main technical result, of independent interest, is actually valid in a Banach space
framework and is stated as Theorem 3.1. The full blown positive temperature case,
in the Heisenberg picture is dealt with in Sec. 4. The generators of the effective
dynamics of observables in the two perturbative regimes are given in Theorem 4.1
and Corollary 4.1. The analysis of the critical regime A%t = 1 is presented in
Sec. 5, for both the Schrodinger and Heisenberg pictures. Section 6 is devoted to
a thorough analysis of the first non-trivial case where both the small system and
the elements of the chain consist in two-level systems.

2. REPEATED INTERACTION MODEL AND TYPICAL RESULT
2.1. The Model

Consider the following setup to start with. Our small system, described by
the Hilbert space Hy of dimension d + 1 > 1 and a self-adjoint Hamiltonian
hg, interacts with an infinite chain of identical finite dimensional sub-systems
modelling a field or heat bath, by means of a time dependent Hamiltonian. The
total Hilbert space is Hy ® H, where H = ®j21C”+],n > 1, is defined in the
usual way, see 2.7.2 in Ref. 5. We will call the jth Hilbert space (C;fH = C""! the
Hilbert space at site j, j = 1, 2, ... and, following the usage when n = 1, we will
call the subsystem at site j the spin at site j. We adopt the following convenient
notations used in Ref. 3. The vacuum Q2 € H is defined as the infinite tensor
product of the vacuum vector = (0 --- 0 1)7 in C"*!,

Q=0QRwew® ---c C"'eCTeC"g.-.. (2.1)

Denoting the ith excited vectors x; = (0 --- 010 --- 0)7, where the 1 sits at the
ith line, starting from the bottom, i = 1, 2, ..., d, the corresponding excited state
at site j > 1 is given by

X()=0® - QueXQw®---, (2.2)
where x; sits at site j > 1. More generally, given a finite set

S={(k1, i), (kas i) - - (ko i)} © (N x {1,2,..., d})" with all k; distinct,
2.3)

we define X as the vector given by an infinite tensor product as above, with i ;th
excited vectors X, (kj)atallsitesk; > 1, j =1,...,m, and ground state vectors
w everywhere else. H is the completion under the norm arising from the inner
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product of linear combinations of such vectors. This construction together with
the vacuum Q2 = Xy yield an orthonormal basis of H, when S runs over all finite
sets of the type above.

Let us introduce creation and annihilation operators associated with the vec-
tors x;(j). Let a; and af,i =1, 2, ..., n, denote the operators corresponding to
{w,x1,...,x,} in C""!, i.e. such that

aixi =0, aqow=ax; =0, if j#i,

afw=x;, ax; =0 foranyj =1,2,...,n. (24)

Note that these operators do not coincide with the familiar creation and annihilia-
tion, however, for i fixed, they satisfy the anti-commutation rules when restricted to
the two dimensional subspace (w, x;) and are zero on the orthogonal complement
of this subspace. Then, for j > 1, the operators a;(j) and @;(;j)* on ‘H are defined
as acting as a; and a; on the jth copy of C"*! at site j, and as the identity every-
where else. Therefore, when acting on different copies of C"!, these operators
commute. In keeping with the notations for the reservoir, we introduce a basis of
eigenvectors of 4 for H, of the form

{w, x1,x3,...,x4}, where d =dim(Hy) — 1. (2.5)

Note that d # n in general, but we shall nevertheless use sometimes the notation
(0) and {x;(0)};=12....4 to denote these vectors. No confusion should arise with
vectors of H above, since we labelled the sites of the spins by positive integers.
In some cases, Hy will be an infinite dimensional separable Hilbert space, which
corresponds formally to d = oo.

Our formal time dependent Hamiltonian H(¢, 1) on Hy ® H has the form

H(t,2) = Hy + Hp + AH(?), (2.6)

where
o] n
Hy=hy®L Hp=)» Y I®&a(j)a(j). wih &§eR, (27

j=1i=1

and, forz € [t(k — 1), Tk],

Hi(0) =)V ®@aik) + Vi ® ai(k)* = (k) 28)

i=l

where the V;’s and /1 are bounded operators on Hy, in case H, is a separable infinite
dimensional Hilbert space. These operators describe the interaction between the
small system with the different levels of energy &; of the spin at site k, during the
time interval [t(k — 1), tk] of length t. The form of Hr makes it an unbounded
operator, but, as we will see in the sequel, we will only make use of the unitary
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evolution it generates and, moreover it will always be sufficient to work with
subspaces containing finitely many excited states only.
In order to make the notations more compact, we introduce vectors with

operator valued entries that allow to get rid of the indices i = 1, ..., n. Let
a(jy = @)y @Gy - a()H" (2.9)
vi=E o ovi oo v (2.10)

where ¥ denotes either nothing or *. Then, using the rules of matrix composition,
we can write

Vi @ a(j): = Z Vi @ aP()), (2.11)

i=1

so that we can rewrite the interaction Hamiltonian for ¢ €]t (k — 1), tk] as

Ikh)y=V"®a(k)+V ®@a(k)". (2.12)
Similarly, with
a(jYa(j) = (@G a(j) @()Ya() - a()fa()" (2.13)
=01 8 - &) (2.14)
we can write
Hp =1® ) sa(j)a(j). (2.15)
Jj=1

We will denote the corresponding evolution operator between the time
t(k — 1) and tk by Uy, so that

Uk — e—il’(Ho-ﬁ-Hp-ﬁ-)J(/C))’ (216)
and the evolution from 0 to t# is given by
Umn,0)=U0,U,_;---Uy---U. (2.17)

Although not explicited in the notation, the operator U(n, 0) depends on X and .
We will first be interested in the weak coupling limit of this evolution operator
characterized by the familiar scaling

n=t/A>, A—0 and 7T fixed. (2.18)
Hence, the macroscopic time scale T is given by
T =1tn=rt1t/\* > 0. (2.19)

Note, however, that in contrast with the usual set up, we have here a non-
smooth time dependent Hamiltonian H(z, A). Also, the time dependence lies in
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the coupling term, and not on the small system’s Hamiltonian, as considered in
Ref. 10

Remarks

(1) In order not to bury the main points of our analysis under technical
subtleties, we have chosen to work in a simple framework where all
relevant operators are bounded or matrix valued. Nevertheless, some of
our results below hold if we consider our heat bath to live in a tensor
product of infinite dimensional separable Hilbert spaces and make further
assumptions so that the field Hamiltonian and interaction are bounded.

(i1) In some cases we shall allow H, to be a separable Hilbert space. This
will be explicitly stated in the hypotheses. Otherwise, we will work on the
model defined above, under the general assumption

HO: The Hamiltonian is defined on the Hilbert space Hy ® H, where Hy =
C™,H = ®;>1C"*", for d, n finite, and is given by (2.6)~(2.8). The
evolution it generates is given by (2.17) and (2.16).

2.2. Typical Positive Temperature Results

Before turning to the mathematical analysis, we want to provide the reader
with the flavour of the results to come, by giving here some informal statements
about the Heisenberg evolution of observables at positive temperature. We refer the
reader to Sec. 4 for more details and for the full blown corresponding Theorems.

Consider the equilibrium state w(8)y of a chain of N spins at inverse
temperature 8 of the form w(B)y =r(B) @ r(B) ® --- @ r(B), where r(B) =
e P%'a/Z(B), and Z(B) is the partition function ensuring normalization. The
Heisenberg evolution of an observable B € L(H) on the small system is defined
by

By(k, 1, 7) = Trx (I ® wn(B)) Uk, 0)"(B ® 1)U (k, 0)) € L(Ho), (2.20)

where Try;(A4) denotes the partial trace of the observable 4 € L(H ® H) taken
on the spin variables only. See Sec. 4. Let Uy (0) be the free evolution acting on
L(Ho) as Uy o(0)(B) = '™ Be~'™" and denote by {P;};—;..., the set of spectral
projectors of Uy (0), viewed as a linear opeator on L£(Hy). The sharp operation
on K € L(Hy) is then defined by K* = >")_, P,K P,. Let t be any positive fixed
number.

Our first result in this setup is the following weak limit statement for £ =
t/A? : there exists Tj acting on £(H,), such that

lim U,0(0) /% By(t/32, 1, 1) = " (B),

z/kzeN
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were '} (B) = %(1/10,0(0)‘1 Tp)*(B). The operator I'y actually depends on t and
possesses a complicated, though explicit form, displayed in Lemma 4.6.

Allowing 7 to go to zero and considering the scaling k = #(T1)?, we get

lim Uy o(0) /™ By(t/(x2%), 2, 7) = e'Th®,
Pty

were I'g is the dissipative part of a B-dependent Lindblad operator constructed by
means of the V,,’s. It is rather simple and given explicitely in (4.62).

Our last result concerns the critical regime TA2 = 1 and reads

lim By(t/7,1//7,7) = e!(tho1+T0) (B (2.21)
t/TeN

with a full Lindblad generator i[A¢, -] + I'g(-), whose dissipative part I'g coincides
with the one of the previous result.

3. WEAK LIMIT OF THE SCHRODINGER REPRESENTATION
AT ZERO TEMPERATURE

As a warm up, and in order to derive some preliminary estimates, we prove
here the existence of the weak limit for our model at zero temperature in the
Schrodinger picture, and compute this limit. We first prove a key lemma that
reduces the computation of the projected part of the evolution U(n, 0) (2.17)
to nth power of a single matrix. Then we perform a general analysis of large
powers of operators based on perturbative expansions which appear in the compu-
tations of weak limits. These technical results are expressed in Proposition 3.2 and
Theorem 3.1 under different sets of hypotheses. Their applications to our model
are given in Corollaries 3.2 and 3.3.

3.1. Markov Properties
Let P be the projection from Hy ® H to the subspace Hy ® CS2 defined by
P=1® |2)(Q]. 3.1
The object of interest to us in this Section will thus be the limit
lim P(U(t /A2, 0)P, (3.2)
as an operator from P Hy ® H to P Hy ® H, identified with H,, the Hilbert space

of the small system.
Note that

Uy = e e, (3.3)
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with

hy@T+TQ® da(j)a(j)+r(V*®a(j)+ V ®a(j)*)
; (3.4)

® Y da(k)*a(k),

=y

H;
H,

two operators that commute.
We observe the following property of products of operators Uy, which shows
the Markovian nature of the reduced evolution.

Lemma 3.1. Let us write the restriction of U; to Ho ® C;&l as a block matrix
with respect to the ordered basis of Hy @ (C']’-“.

{w@w, x1Qw,....,xs Qw,
wQXx, X ®X1,...,X3 ® X1,
(3.5)
a)®xn,x1®xn,...,xd®xn}
as
A B
UJ|H0®C';“: c p) (3.6)

where Ais a (d + 1) x (d + 1) matrix, Bis (d + 1) x n(d + 1), C is (d + 1)n x
(d+1V)and Disn(d + 1) x n(d + 1). Then, for any m > 0,

PU(m,0)P = A" @ |Q)(Q] ~ A™. (3.7)

Proof Follows from the fact that
U;I® Q) =e "I 12)(Q) (3.8)

where, if Ho 3 v = vw(0) + Y, vix;(0) =~ T,

n+1
e MR =A1®Q+ ) (C); ®xi()). (3.9)
i=1
where (0); denotes the i’th component of the vector . Hence, due to the fact that
different U;’s act on different (Cj,+1 s

m(d+1)
U,Up 1 Un@Q= A" Q@ Q + Z W ® Xs,, (3.10)

i=1
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where w; are some vectors in C/*! and the excited sets S; are never empty.
Therefore their contribution vanishes in the computation

IR 2QUQLDUmUp—1---Ujn @ Q = 4"0 ® |Q)(L]. (3.11)
O

As is easy to check along the same lines, in case H) is infinite dimensional,
we can generalize the above Lemma as follows.

Lemma 3.2. Let Hg be a separable Hilbert space and hy, V;, j =1,...,n be
bounded on 'H. We set

Pj=|x){x;| : C"™ > C =1, .. 0, Py = |w)(w| and Qy=T— Py,

(3.12)
so, that
Ho ® C"' = (Ho ® PC"™) @ (Ho ® QoC"™) =~ (Hy ® C) @ (Ho ® C").
(3.13)
We can decompose
A B
Ujlyecrn = c p) (3.14)

where A :Hy+— Ho, B: Ho®C" > Hy, C: Ho—> Ho®C" and D :Hy®
C" +— Ho ® C". Then, for any m > 1,

PU®m,0)P = A™ @ |Q)(Q] ~ A™. (3.15)

The above Lemmas thus lead us to consider a reduced problem on H,. We
need to compute the matrix 4 in the decomposition (3.6) of e 77 (hot+da"ata(V atVa™)
where we dropped the indices j, the I and the ® symbol in the notation. Recall
however that a summation over the excited states of Hr is implicit in the notation.

3.2. Preliminary Estimates

In order to apply perturbation theory as A — 0 and, later on, in other regimes
involving T — 0 as well, we derive below estimates to be used throughout the
paper.

We rewrite the generator as

HO) = HO)+ AW, with H()=ho+38a*a and W =TV*a+ Va*.
(3.16)
With a slight abuse of notations, the projector P takes the form

P=1—-a%a (3.17)
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We can slightly generalize the setup and work under the following hypothesis:
H1: Let P be a projector on a Banach space 5 and H(A) be an operator of
the form
HO) = H@O)+ AW, (3.18)

where H(0) and ¥ are bounded and 0 < A < A for some Xy > 0. Further
assume that

[P,H0)]=0 and W=PWQ+ QWP where Q=1—P.
(3.19)

We consider
U (1) = e 'TH®, (3.20)

For later purposes, we also take care of the dependence in t of the error terms. As
this parameter will eventually tend to zero in some applications to come below,
we consider the error terms as both A and t tend to zero, independently of each
other. We have a first easy perturbative result
Lemma 3.3. Let HI be true. Then, as ) and t go to zero,

e ITHOFAT) — o=ITHO) 4 3 F(1) 4+ 22G(1) + O(W 1Y) (3.21)

Pe THOHN P — pe=itHOp 4 32PpG(r)P + POM* TP, (3.22)

where

Fo=YS2 S hoy wHO

|
n>1 n: mjeN
my+my=n—1
T
— _ie—er(O)/ dsleISIH(O) We—lslH(O) (323)
0

G(T) — Z (_:l.'r) Z H(O)ml WH(O)mz WH(O)m}
n=2 m1+m”21sz:n—2

T N
_ _efirH(O)/ dsl/ 1dS2efi51H(O)We—i(sl—sz)H(O)WefiszH(O)
0 0

(3.24)

Moreover

%G(r) = —iH(0)G(t) — iWF(t), G(0) =0 (3.25)
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F(—1) = =" O p(1)e/*HO (3.26)

G(—T) — _eiIH(O)G(.L.)eifH(O) + ei'L’H(O)F(l_)eifH(O)F(.L_)eifH(O). (327)

Remark. Formula (3.21) is true without assuming that W is off-diagonal with
respect to P and Q.

Proof First note that U, (1) = e~""#® is analytic in both variables A and 7 in
C?. Then, we compute the exponential of —i 7 times H (1) as a convergent series.
Consider terms of the form
n—1
(H(0)+AW)" = H(O)" + 1Y HOYWH(©O)y '
k=0

+ A2 Z H(OY" W HO)Y" W H(0)" + 0> C™).
my +/n”21 ﬁ:nl\; =n—2

(3.28)

The error term in C” comes from the boundedness of the operators involved.
Multiplication by (—it)"/n! and summation over n > 0 yields the first result
with our definition of F'(t) and G(t). The second result follows from taking into
account that PW P = QW Q = 0, hence only the terms with an even number of
W’s survive and we get

pHO W)

(3.29)
n!

H(0)"
n!

HO)Y" W H(©O)" W H(W0)™
D

P + 22 +o@m*c"/n)y | P.

n!
m/-eN

my+my+mz=n—2

The overall error in 7#A* comes from the fact that it takes at least four terms in
(3.28) to get a contribution of order A*. The computation above was conducted to
order A? because of the scaling (2.18). The order A term F(t) doesn’t contribute,
being off diagonal with respect to P.

An alternative derivation of a perturbation series of e ~*(H(O+27) in ) yields
the other expressions for F(t) and G(7). It is obtained via Dyson series in the
familiar interaction picture. We have the identity

idiefir(H(O)#»)»W) — (H(O) + )\'I/V)efi‘r(l‘l(()}k}»W)7 e*iT(H(0)+)»W) . =1 (330)
T 7=
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Introducing
@()\" T) — ei‘rH(O)efi‘r(H(O)ﬁ*)xW)’ (331)
this operator satisfies
d A A
id—®(k, 1) =2 MO e THOQ 1), O, T);—0 =L (3.32)
T

Hence we have the convergent expansion

o T s Sn—1 ]
O, 1) =Y (—in)’ / ds / dsy - [ dspestHOp
o 0 0 0

e i61=s)HO) gy ,—i(s2=s3)HO) | | ,=i(sn-1=5:)H(O) g7 ,~isn H(0) (3.33)

Therefore, focusing on the terms of order A and A?, we get the alternative expres-
sions for F(7) and G(7).

The differential equation yielding G(7) as a function of F(7) follows from
explicit computations on the expressions above, as the identities for t — —7. O

Let us give some more properties of the expansion of U, (1) for A > 0 small,
T > 0 in the Hilbert space context that will be used later on.

Corollary 3.1.  Assume B is a Hilbert space, H(0), W and P are self-adjoint and
A, T are real. As . — 0, the operator U, (L) = e~ "W satisfies

Uy () = e ™0 L AF (1) + A2G(r) + O’ 1Y) (3.34)

U™ = U(W)* = U-(3)

=0 L) F(—1) + A2G(—=1) + 0(31Y) (3.35)
with the identities for all T € R.
F(—1) = F*(7) (3.36)
G(—1) = G*(7). (3.37)
Proof Follows from the fact that H()) is self-adjoint. O

3.3. Weak Limit Results

The technical basis underlying all our weak limit results is contained in the
next two Lemmas and the Proposition following them. They are stated in a general
framework that will suit both our analysese of the Schrodinger and Heisenberg
representations. This is why we use independ notations.
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Lemma 3.4. Let V(x),x €[0,xq), and R be bounded linear operators on a
Banach space B such that, in the operator norm, V(x) = V(0) + xR + O(x?),
and V (0) is an isometry which admits the following spectral decomposition

» distinct. (3.38)

,,,,

V(0) = ZeiiEij where r < o0, E; € R, {e’iEf}jzo

Leth =3",_, E;P;sothat V(0) = e ™ and

E;—E—k . .
e W TFk
1E

,
J = Z ajxPiRP;, where oj = o =k

J k=0

(3.39)

Then, for any 0 <t < ty, where t, finite, and t/x € N,

HV(x)%—e—"(hW)% —O(x), as x—0, st t/xeN.  (3.40)

Remarks

(i) Expressing the projectors P; by Von Neumann’s ergodic theorem as

P; = lim —Z(elﬁf ¥ (0))" (3.41)

shows that they are of norm one.

(ii) The operator J = J(R, h) is defined to make Eq. (3.43) of order x2. This
equation is a particular case of i fol e Xe='shds = Y which is solved in
a similar fashion.

Proof Withm =t/x € N,

m—1
V(X)m o e—i(h+xJ)”’ — Z V(X)k(V(X) _ e—i(h+xJ))e—i(h+fo)m717k (342)
k=0

where, by hypothesis and Lemma 3.3
1
V(x)—e ) = x (R +ie / e"’“Je"hSds> + 0(x?). (3.43)
0
Moreover, note also

Vel =140@), [e ™ =1+ 0). (3.44)

Our definition (3.39) of J is designed to make the term of order x in (3.43) vanish.
Therefore, there exists positive constants ¢y, ¢; such that we can estimate for any
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0<t<ty<o

m—1—k

o e e S raof oo
k=0

< cox*m(1 4 cox)™ < cotxes MIFOD) < xeorett = O(x). (3.45)

O

It will be necessary to control the dependence of such estimates on a parameter
T — 0. later on. This will cause no serious difficulty, since all steps are explicited
in the argument. To achieve sufficient control in 7, we need to revisit the proof
of a well known lemma, which holds under weaker hypothesese than ours, see
Davies.(”)

Lemma 3.5. Let e = >0 e 'Ei P; be the isometry (3.38) on the Banach
space B and let K be a bounded operator on B. There exists a constant ¢ depending
on r and ty only, such that for any t € [0, ty], ty finite,

XKL+ | K [eI e
il’lfj?gk |Ej — Ek|

. T o
tth/xe zx(thxK)_e itk ” <c . as x — 0’

(3.46)

e
where K* = 3" P;K P; =limr .o 7 [ e Keishds.

Remark. The expression of K # as a Cesaro mean is a classical computation which
shows that || K*|| < | K.

Proof We follow. ? Let f € B and

fx(l) — eith/xefif(}H»xK)f" f(t) — e*itK#f'. (347)

By the fundamental Theorem of calculus, we can write

i) — f(0) = /0 (@K e [ (5) — K f(s))ds

- /t(eiSh/"Ke_iSh/x(fv(S) — f($) + ("M Ke T — KF) f(s))ds. (3.48)
0

Hence,

/5@ = fFOl = IIKII/0 ILf5(s) = f($)llds + F(x, to) (3:49)
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where

F(x,t) = sup

0<t<ty

t
f (€M K e — K*)e K £ ds|). (3.50)

Now,

eish/kKefish/x _ K# — e[sh/x(K _ K#)efish/x

— Z eish/x PjKPke—ish/x — Z eis(Ej—Ek)/x PjKPk, (351)
J#k J#k
so that we can integrate (3.50) by parts to obtain

t
/ (ei.ch/xKe—ish/x _ K#)e—isK#f ds
0

Z/ IS(E Ek)/xP KP, eflsK de
l(E —Ek) dS

X iS(E;—Ep)/x —isk* |
=N sEExp g p sk g
; l(Ej — Ek) / 0

t
+3 f ﬁeis(Ef_E‘)/"PjKPkK#e_iSK# fds.  (3.52)
“ZiJo (Ej = Ep)
Hence, using ||[K*|| < || K|, we can bound (3.52) by

) XK (2 + e K [el*

e L (3.53)

J#k

Thus,

x(1+ K DIK ||e!X Mo
il’lfj;gk |E] — Ek'

F(x, to) < max(2, to)(r> —r) (3.54)

At this point we can invoke Gronwall’s Lemma, the above estimate and (3.49) to
finish the proof. g

From these two Lemmas, we immediately get the

Proposition3.1. Let V(x), x € [0, x¢) and R be bounded operators on a Banach
space B such that, in the operator norm, V(x) = V(0) + xR + O(x?), where V (0)
is an isometry admitting the spectral decomposition V (0) = Z;‘:O e 'k P; and let
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h = Z;:O E;P;. Then, forany 0 <t < ty, if x — 0in such a way thatt/x € N,

V)V (x)* =" ® + O(x), innorm, (3.55)
where K = > im0 PiK Pj, for any K € L(B).

Remarks
(i) The operator in the exponent can be rewritten as
¢'R* = " R* = (¢'" R)" = (Re')". (3.56)
(i1) The hypotheses are made on the isometry ¥ (0), not on the operator 4.

We can now derive our first results concerning the weak limit in the
Schrodinger picture. We do so in the general setup described in H1. We further
assume:

H2:
The restriction Hp(0) of H(0) to PB5 is diagonalizable and reads

Hp(0)=» E;P;, with dim(P;) <oo, r finite. (3.57)
Jj=0

Moreover, the operator Pe 77 = pe=itHp(O) ig an jsometry on PB.
Note that this implies Pe~"*/7(© is invertible and

P=Y"P, E;jeR Vj=0,....r, and Pe ™0 =3 ¢""hip,
j=0 j=0

(3.58)

where the projectors P; are eigenprojectors of Pe~ """ iff the e =" £/ ’s are distinct.
In case B is a finite dimensional Hilbert space and H(0) is self adjoint, H2 is
automatically true.

Proposition 3.2. Let H(A) and P on B satisfy H1 and H2. Further assumer

T > 0 is such that the values {e~ £/ Y, are distinct. Then, for any 0 <t < 0o,
lim O/ [ peith) pI/* Z oM@ oy pR (3.59)
press

where

' T s _ #
r“(r) = HOGy = — / ds f dtWe "HO-EDyy (3.60)
0 0

and K* = > PiKP; for any K € L(PB).
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Remarks

(i) In case some values among {e /7% Y,y coincide, the result holds whith
the P;’s replaced by I1;s, the spectral projectors of Pe "4 pp.

(i) If, for any j =0,...,r, the reduced resolvents Rp(E;) = (H(0) —
E)[ gy all exist, with Q =T — P, then

I"(r)==Y_ P;W Ro(E;) (Ro(E;)—Ro(E e " O~ EDles —izT) p P,
i=0

’ (3.61)

(iii) If B is a Hilbert space, and H(}) is self-adjoint with dim P; =1,

we can express I'" in yet another way. We write P; = |¢;){p;| and

introduce d,ujW(E ), j =0,...,r, the spectral measures of the vectors

We; = OWe;, with respect to H(0)| o Then, if = denotes the Fourier
transform,

r(c) = _Zfo ds/o di 17 (0" ;. (3.62)
=0

Proof of Proposition 3.2 As we are to work in P13, we will write Ap for PAP
etc . .. Our assumption on 7 makes the eigenvalues of e ~'*/7() distinct so that the
Pj/.s are eigenprojectors of both Hp(0) and €/*#7()). Then, Lemma 3.3 shows that
V(x) = P(e "HO Py = 32, satisfies the hypotheses of Proposition 3.1
with & = tHp(0), R = Gp(7) and t > 0 fixed. Hence the result, making use of
e ITHPO) — o=THO) p The last statement follows from (3.24). O

We are now in a position to state the existence of a contraction semi-group on
P 3 obtained by means of a weak limit for our specific time dependent Hamiltonian
model. The following is a direct application of Proposition 3.2.

Corollary 3.2. Let U(n,0) be defined on Hy @ H, where Hy is separable, by
(2.17, 2.16, 2.6), let P =1 Q |Q)(R2|, and let {E;} ... be the eigenvalues of
ho associated with eigenprojectors { P} j—o, ... . Assume the values {e™7E }i=0,....rs
are distinct. Then, for any fixed 0 <t < oo.

lim [T HOM pU /32, 0)P] = T on PB (3.63)
t/;ZeN
where
r“(r) = &™MOG)y = — fo ds /0 dt O PivpeT ot EDy, p;

Jj=0m—1

(3.64)
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generates a contraction semi-group and # corresponds to the set of eigenprojectors

Remarks

(0) The macroscopic time scale at which we observe the system is 7 =
Tt/A* — oo.

(i) There are cases where I'(7) generates a group of isometries.

(i) Again,ifthe e'"£/ s are not distinct, we have to take the spectral projectors
of e7'™ instead of the P;’s in the definition of the operation #.

(iii)) Note that the effective dynamics commutes with /4, so that no transition
between the eigenspaces of / can take place. However, if the e /7£’s are
not distinct, transitions between different eigenspaces of 4 corresponding
to the same eigenvalue of e~/ are possible.

(iv) In case A¢ is non degenerate, » = d and we can write P; = |x;)(x;|, with
x; the eigenvector associated with E;, and

d d n T s
r@=-y (ZZ e Ve )2 / ds f 1 ewwwm))
=0 \k=0 m—1 0 0
X|x;){x;l, (3.65)
where the double integral equals

T s 5
—ita _ /2 a=0
/Ods/(; dt e —{a%(l_eira)_ir @ %0 (3.66)

o

(v) Note that the formula above shows it is not possible to let the microscopic
interaction time 7 tend to infinity.

Proof of Corollary 3.2 By Lemma 3.1 above,
[eirth(O)/AZPU(t/)LZ’ O)P] — emH(O)/A2 [Pe—it(H(OH-AW)P]f/)»Z, (3.67)

where conditions H1 and H2 are met and Proposition 3.2 applies. The fact that
I'”(t) generates a contraction semigroup in that case stems from the a priori
bound, uniformin ¢, , A,

||ei”H(0)/)‘2PU(t/)L2, 0)p|| < 1. (3.68)

The expression for '(7) comes from the explicit evaluation of (3.60) in our
model. =
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3.4. Different Time Scales

Looking at the dependence in 7 of the result in Corollary 3.2, we observe
that we can obtain a different non-trivial effective evolution with our conventional
weak limit approach, provided one further makes the time scale T — 0 and, at the
same time, increases the parameter 7 to ¢ /72. This yields a macroscopic time scale
given by T = t/(tA?) — oo. We’ll come back to this point also, when we deal
with the Heisenberg evolution of observables.

Using the first expression (3.24), one immediately gets

lim  lim [e"”H<°>/<f”2PU(z/(zA)Z,O)P]:}%errwm/rzEerrg (3.69)
t/(th)2eN

where
r l n
r! =FO#=§P,~FOP/, Fo=—§;ViVi*- (3.70)

Note that under the hypotheses of Corollary 3.2, the spectral projectors of ¢ and
e~’™h coincide when T — 0.

This calls for a redefinition of the scaling, right from the beginning of the
calculation, in order to arrive at the same result, without resorting to iterated limits,
as above. This is at this point that we need to consider the dependence in t of the
previous steps.

We state below our main theorem regarding this issue in the general Banach
space framework under hypotheses H1 and H2. Actually, the application above
is a consequence of the theorem to come. The study at positive temperature in
Heisenberg picture of the forthcoming Sections will rely on this result as well.

Theorem 3.1. Suppose Hypotheses HI1 and H2 hold true and further assume the
spectral projectors P;, j =0,...,r, of e "THrO) coincide with those of Hp(0) on
PB. Set K* = Z;:o P,KP;, for K € L(B).

(A) Then, for any 0 < ty < oo, there exists 0 < ¢ < oo such that for any
0 <t < ty, the following estimate holds in the limit A2t = 0,22t = 0,
and t/(At)* € N:

HeiH(O):/(ﬁr) [Pefir(H(OH)LW)P]’/(“)z ¢G0T ” < C(Azrz + Azr).
(3.71)

(B) Then, for any 0 < ty < oo, there exists 0 < ¢ < oo such that for any
0 <t <ty the following estimate holds in the limit A>t — 0, \>t> — 0,
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and t/(At)* € N:

||eiH(0)t/(Azr) [Pefit(H(O)Jr)\W)P]t/(“)z —_ o2 ” <t + )th).
(3.72)

Remarks

(0) If T is small enough, the spectral projectors of e**#7 and Hp(0) on
P B coincide.

(1) If z is fixed, part (A) of the Theorem coincides with Proposition 3.2 with
f =t/t* in place of £.

Proof We only need to consider the case 7 > 0 small, where Remark (0) applies.
We proceed in two steps, using Lemmas 3.4 and 3.5 in sequence. Let x = A%72.
The expansions provided in Lemma 3.3 yield

Pe PO P = o7t O) 4 x G p(r) /7 4+ O(?), (3.73)
with G p(t)/7? = O(1) and reminder uniform in T — 0. Hence,
|Pe~THOPMI P =1+ O(x), uniformly in <. (3.74)

As e” TP O) = 37 ¢=1TE P, with P; independent of 7, the operator J(7) defined
in (3.39) reads

- E~E—k) .
G — k
J(T) = Z P/#Pkajk(f), where Ol]'k(‘l,') = e”EfTe Ee J #
=T | | itk j=F.
(3.75)
Hence,
G w2
Otjk(T) =i+ O(T), ng) = —TP =+ O(T) and J(‘L') = 0(1) as T — 0.
' T
(3.76)

Now, using (3.21) with coupling constant x /7 (and the first remark following
Lemma 3.3), we can write for x /t small, uniformly in 7,

e THP(O)+3J(T)

— omiTHR(O) X <_ie—irl—[p(0) /r eiSHP(O)J(T)e—isHp(O)dS) + O((x /7))
T 0

1
— e—i‘er(O) +x (_ie—iTHp(O)/ eis‘[Hp(O)J(T)e—iS‘L’Hp(O)dS)+O(x2)’ (377)
0

where the operator in the bracket above is O(1) as T — 0. Hence

e T HOFIE | = 1 + O(x), uniformly in 7. (3.78)
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Thus, we apply Lemma 3.4, to get
H [Pe—ir(H(O)HW)P]% e THEHORIO) | 2 O(x2), (3.79)

asx — 0, and T — 0, with remainder uniform in 7.
We now turn to the second step. We can write

eI @Hp(O)+xJ(1) _ e—ii(Hp(O)Jr/\ZrJ(r)) — o iy HOHIE) i y = A2,

(3.80)
Therefore, by Lemma 3.5 and the last statement of (3.76),

eiiHP(O)efi/%(HP(O)+yJ(‘L')) _ e—itJ#(‘[)) — 0()/)’ (381)

uniformly in . Hence, for any given #,, we get the existence of a constant 0 <
¢ < 00, uniform in 7, such that forall 0 < ¢t < ¢y < o0,

”eiAQ—THP(O) [Pe—ir(H(O)HW)P]ﬁ _ it @) H < (21 + 2272, (3.82)
as A%t and A%7? and go to zero in such a way that #/(At)? € N, which is part A of
the Theorem. Part B follows from the first statements in (3.76) and of the fact that
the projectors P;’s are independent of 7. |

As a direct Corollary, we get,

Corollary 3.3. Let U(n, 0) be defined on Hy @ H, Hy a separable Hilbert space,
by (2.17,2.16, 2.6), let P =1 ® |Q2)(R2|, and let {E ;} j—o,..., be the eigenvalues of
ho associated with eigenprojectors {P;}—o,... . Then, for any 0 <t < t,,

.....

lim [/ HO Py /(er)?, 0)P] = &, (3.83)

70,2270
t/(tn)2eN

where Ty = Y,y PiToP;, and Tg = —3 Y1_ ViV

4. HEISENBERG REPRESENTATION FOR NON-ZERO TEMPERATURE

From now on, we stick to our model Hamiltonian characterized by hypothesis
HO. We first express the evolution at positive temperature of observables B of the
small system (4.4) after k repeated interactions as the action of the k-th power of
an operator Ug(A, T) on Hy. This reflects the Markovian nature of our model.

This is done in Proposition 4.1. This allows us to apply Theorem 3.1 again
to compute the weak limit in Theorem 4.1. Let us mention here already that we
perform a complete analysis of the special case where both the small system and
the individual spins of the chain live in C? in the last Section of the paper.

Let us define the equilibrium state w(B)y of a chain of N spins at inverse
temperature S by a tensor product of individual diagonal density matrices of the
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form
1 0 ... 0
1 0 6758] ... 0 e*ﬁSa*a
= = , 4.1
SARNED el T 7
0 ... 0 e P
in the basis {, x1, ..., x,} of C7*', i.c.
By =r(B)@r(B)® - ®r(p). (4.2)

The individual density matrices r(8) are defined by Gibbs prescription for
the Hamiltonians at each site

S sata, 43)
i=1

corresponding to our model (2.7)

Our spin chain is of finite length N, but, as we will see below, only the first
k spins matter to study the time evolution up to time k. This will allow us to take
the thermodynamical limit by hand. If p is any state on C?*!, the initial state of
the small system plus spin chain is p ® w(8)y. We shall study the Heisenberg
evolution of observables of the form B ® I3y, where B € M, (C), defined by

By(k, %, 7) = Trr(I ® on(B)U(k, 0)~' (B ® Iy)U(k, 0)), (4.4)
where, for any 4 € L(Hy ® H),

Tr(A4) = (Z(;c,- ®xs | Ax; ®xs)> with xo = o, (4.5)
N i,j€f0,....d)

.....

denotes the partial trace taken on the spin variables only. Hence, the expectation
in the state p of the observable B after k interactions over a time interval of length
kt with the chain at inverse temperature S is given by

(B(k, B)), = Tran (pBy(k, X, T)). (4.6)

Remark

In case H is infinite dimensional, the definitions (4.4) and (4.5) hold, mutatis
mutandis. For instance, consider B € L(H,y) in (4.4), where (4.5) should be read
as

Try(4) = Y (I, ® x5 | Ay, ® |xs). (4.7)
N

with a slight abuse of notations.
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4.1. Markov Properties
Recall that
Ulk,0) ' (B®Ix)U(k,0) = UUs -- - U(B @ Ip)UyUp_y --- Uy, (4.8)

where U is non-trivial on C**! @ C"*' only.

Let us specify a bit more the partial trace operator Try (I ® wy(B))A4), where
A is an operator on C?*! @ Hﬁy:l(C;’.“.

Lemma 4.1.  Let us denote the matrix elements of A as _follows
Ay = (x; ® Xs | Ax; ® Xg), (4.9)

where ij belong to {0,...,d}, and S, S run over subsets of {{1,..., N}
x {1,...,n}N asin (2.3) Then

e PTLbISY
Tri(I ® ox(B)A); = ; S ST (4.10)
where, for
S ={(k1, 1), (k2,02), ..., (k> i)} C (N x {1,2,...,0})" (4.11)
withall 1 < k; < N distinctandm =0, ..., N,
IS, =#{k, s.t. i, =1}. (4.12)
Proof Follows directly from
v = ey e @y
(1432, e %PV (1422 e7 PN
O

We now further compute the action of U(k, 0) given by the product of U }s. Let
us denote the vectors w ® Xgand x; ® Xg by no ® [n(,nz,...,n5) =19 ® |7),
where ng € {0,1,...d},and n; € {0,1,...n}, forany j =1,... N, withw ~ 0
and X = k and X[(Lnl) ,,,,, (N.ay) = |ﬁ>

Recall that

Uj = e i*emivh, (4.14)

where e=/71 is diagonal. More precisely, with the convention 5y = 0,

- 7irZ"l’: Sn
e Hine® | ny,nay ... ny) =e = "no® | ny, na, ..., ny). (4.15)
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Lemma 4.2. Denoting the k-independent matrix elements of e * 1| a1 oCIH =

Ukl(C"“@CZ“ by

U =n@m| Um @m'), (4.16)

m,m
we have for any N > k
UpUk-1 - - hUing® | ny, ..., ny)

R k k=1 2 1 1
_ e_ln/,(,,w,)Umo,m0 . ljmo,m0 Umo,no
- mi,nk ma,ny my,ny

g €(0,....d)f
e(,...,n)k
Xm16®|mlamzv"'amksnk+la"'7nN)a (417)
where
k
e i)=Y | D 8+ bm (4.18)
j=1 \j<I<N I<j

Proof Consequence of iteration of formulae of the type

. 1
—IiT 10, my,no 1
U n® | ny,....nyN) = E PR BRI v my® | my,ny, n3, ..., ny).

1_
my=0,1,...d
my=0,1,-.n

(4.19)
]

A consequence of these formulae is that we can consider spin chains consist-
ing in k spins only:
Lemma 4.3. Forany N >k,
TrnI® wn(B)UTU; -+ Up(B @ In)UpUp—y - - Un)

= Trn(l® ox(B)UTU; - - Ui (B ® Iy)
X UkUk—l s Ul) (420)

Proof Obvious from the tensor product structure of wy(8). O
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1267
To proceed, let us adopt the following block notation
Uoo Uonr -+ Upw
U = o—itHO+27) _ Vo Uie - Ut 4.21)
Uio Upr -+ Upn
where
Un'me - U Unon
Ui Uni Un'm
Upr = ) (4.22)
o ot el
In terms of the notations of the previous Section,
U (PUP PUQ>’ 423)
QUP QUQ
we have the identifications
Uir - Ul
PUP ~Uyy, QUQ =~ : ,
Uit -+ Unn
PUQ =~ (Upy -+ Upn), QUP = (U - Uno). (4.24)
Let us finally denote the inverse of U = (U "",'y:,) by
V= (Vmm) =U" = (U0 € Masayisn(©), (4.25)
so that we have for any m and n

U:’m = Vmn € M1+d((c)'

(4.26)
With these notations, we have

Lemma4.4. The matrix elements of U(k, 0)~' (B ® I)U(k, 0) in the orthonor-
mal basis {(ny® | ni, ..., n;)} = {ny ® |n)} read

(i ® Al(Ug - U1)* B @ Iyg(Uy - - U ® i)
— 1@ (O.0)—¢(0.n)) Z

(Vﬁl,ml e Vﬁk,kaUmk,nk e l]ml,l’ll)noqn0 (427)
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Proof Expand the products and make use of Lemma 4.2 and (4.18). |

The above Lemmas and (4.4) lead us to the study of the matrix in My, 1(C)

Z e h Yoo 8l
Bﬁ(k, A, T): 7 5. kan,ml Vnk,kaUmk,nk "'Uml,nl
ﬁ:(nlumn/() (1 + Z]:l € 1/3)
m=(my,mp)
(4.28)
in various limiting cases as A and/or T go to zero, with the notation
|7, =t{n, st n.=1}=15. (4.29)

We introduce operators on the Hilbert space M;,1(C) equipped with the
scalar product (4|B) = Tr(4*B), for any 4, B € M;,(C) by

Up i (A) := Voyy AUy, (m,m') € {0, 1, ..., n)%. (4.30)
These operators are linear and one has with respect to the above scalar product,
Uy )=Vt - Unw)* = U - Vi (4.31)
The composition of such operators will be denoted as follows
Uy wli n(A) = Vi Voo AUy n Uy - (4.32)
We are now in a position to express the Markovian nature of the evolution of

our observables:

Proposition 4.1.  In terms of the operators defined above, we can write
1
(2 e Py

+Uo+e U+ e U,

Bg(k, 1, 7) = Uoo + e PUp s + -+ e Py,

+ Upo+ e P Uy, + -+ e U, ) (B)
= Us(r, T)(B). (4.33)

Proof By definition of U, , we have

k
e_ﬁ Z[:l 8"/

Bytk, bty = > Y 1e_a/ﬁ)kz/f,,ﬂ,m-..u,,w(zlz). (4.34)
{

A=(n]sonf)
= )
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Furthermore introducing V,, , = e p U, We get
1
L+ X ey

By(k, 1, 1) = D Ve Ve (B). (435)

A=(n],....ng)
m=(my,...mp)

There are (n + 1)? distinct operators ), v in that expression, and the set of vectors
7, m in the sum yields all different ways of composing & of them. Therefore

1
(43 e P
X Voo + -+ Vout-+Vuo+ - Vun)(B). (4.36)
O

Bﬂ(k, }\., 'L') =

Remark

The formula of Proposition 4.1 holds if H, is a separable Hilbert space, provided
the decomposition of operators 4 in (4.21) is interpreted as 4,, € L(Ho),q, p €
{1,...,n}, with

Apg = I, @ |p){plAlx, ® Ig) (g, (4.37)
and the identification Hy ® C|g) ~ H,, for all g.

4.2. Weak Limit in the Heisenberg Picture
The A-dependence in Bg(k, A, ) comes from the definition
U=U(\)= e—ir(H(O)-H\W), (4.38)

which implies that the U, ,,’s depend on A as well, in an analytic fashion, and will
be denoted U, ,,(A). Expliciting the A dependence in Bg(k, A, 7), the weak limit
corresponds to taking k = #/A? and computing the behavior of Bs(1/A%, A, 1), as
A — 0 (keeping 7 fixed). We shall use the same strategy as in the previous Section
and Lemma 3.1 to identify the weak limit by means of perturbation theory. We
shall also eventually consider the possibility of letting ¢ — 0, therefore we explicit
the behavior in 7 of the expansions below.
Consequently, with (4.24) and Corollary 3.1, we get

Lemma 4.5. Let U be given by (4.38), with H(0), W self adjoint and satisfying
H1, and further assume H(0) is diagonal with respect to the basis (3.5). If Uy, (1)
is defined by (4.30), as . — 0, we get the expansions

Uo,o(3) = Un,0(0) + 22Uy + 0041 (4.39)

um,m’()") = Z/[m,m’(o) + )L2u(2)

m,m’

+ 0 Y, mom =1 (4.40)
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Uom(¥) = 22U + 004, m=1 (4.41)
Un o) = 22U, + 003 Y), m=>1 (4.42)
where, for all0 < m, m’ <n

Uy (0)(B) = 5mym,eimeAm(O)Be—ier.m(O), (4.43)

U (B) = 8y (Gm(—7)Be T @ 4 oithinOBG, (1)), (4.44)
and, forall 1 < m,

U (B) = Fro(—T)BFo u(r), (4.45)

UL\(B) = Fom(—T)BFy (7). (4.46)

m

This Lemma allows us to perform the analysis of the operator defined in
Proposition 4.1

Us(r, T) = Z(B)! Z UmP)e™P  as 1 — 0, (4.47)

0<m=<n
0<l<n

with the convention 8 = 0 and Z(8) = 3__,e~*. Recall that
Bg(k, &, T) = U (r, T)*(B). (4.48)
Moreover, using the fact, see (3.4),
Hyy 3 (0) = Hy,0(0) 4 8, = ho + 6y, (4.49)
we get forall) <m <n
Up m(0)(B) = Uy 0(0)(B) =~ &'™ Be™ '™ = ¢'"tho-)(p), (4.50)

We have thus shown the

Lemma 4.6. Assume the hypotheses of Lemma 4.5. Then

P
. T) = Uo.o(0 —Bon (10 4 @ M @
Up(2:7) = Uoo0) + 5 55 [ > {e (uo,m +u,,,,,,,) +um,0} +Ud)

+0 ) = Uy o(0) + A2 Z(B) ' Ty + O(1*tY), (4.51)
with Tg = Tp(t) = o(t?).

The above operator enjoys the following symmetry property
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Lemma 4.7. Forany B € M;,(C),

Tr(BTg(B*)) = Tr(B*Tp(B)). (4.52)
Proof Due to

Fn,m(_l’) = Fm,n(r)*v m 7é n (453)

Gun(=7) = Gpu(r)* (4.54)

and to the structure of Tg, the result will be proven once we show that for all
4, B, C € My11(C)

Tr(B*ABC + B*C*BA*) = T(BAB*C + BC*B* 4*). (4.55)

But this follows from TrB = TrBT, where -7 denotes the transpose, and from the
cyclicity of the trace again. O

Recall also the property
Us(h, T)I) =T = Tp(I) =0, (4.56)

and the fact that in case the spectrum {£;};—, . 4 of Ay is non-degenerate and
{Ix;)}=0,.. 4 denotes the corresponding eigenvectors, the unitary U o(0) has de-
generate spectrum:

Uo,o(0)(1x ;) (xx|) = €™ EE0x Y (x|, VO <), k<d. (4.57)

That is, o (U 0(0)) = {e""E=ED}o_; t<q, so that 1 is d + 1 times degenerate at
least.

We are in the same position as in the proof of Proposition (3.2). Therefore, we
can compute the weak limit from Proposition 3.1 immediately to get the following

Theorem 4.1. Let Ug(X, T) be given by (4.47), and Uy 0(0), Tg by (4.51). Let
{€"21)i1....» e the set of distinct eigenvalues of Up.0(0) and denote by P; the
corresponding orthogonal projectors. Then

lim Uy o(0) /" By(t/3?, 2, 7)

1/32eN
= lim Uyo(0)"“Us(r, 7)/* (B) = TF (B), (4.58)
t/32eN
where
w 1 —1 #
Ig(B) = %(Uo,o(o) 1) (B), (4.59)

with # corresponding to the set of projectors { Pi};=1....,.
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Remarks

(0) Inorderto make the generator Iy’ completely explicit, one needs to analyse
the properties of T, i.e. of the operators V; defining the coupling, within
the eigenspaces of U ¢(0). A non trivial example is worked out in Sec. 6,
see Proposition 6.1

(1) The degeneracy of the eigenvalue 1 of U ¢(0) is responsible for the ex-
istence of a nontrivial invariant sub-algebra of observables which is the
commutant of /.

As in Sec. 2, we generalize our result to the regime A>t — 0,7 — 0, by
switching to the macroscopic time scale 7 = ¢ /(A*1) — oo. We first compute

Uo 0(0)~' Ty
2(p)r?
+ %ﬂ) Z {e_smﬁ (WmOB WO,m - %(WZ m,mB + B W2 m,m))

m=1

Iy = lin}) (B) = (W?00B + B W)

1
2Z(B)

+W0,mB Wm,O} > (460)

which, using the following formulas for m > 1

Wom =Vye Wuo=Vu: Wum=VuVy., Woo=> ViV (46
j=1

to express the operators W, in terms of V,,, eventually becomes

- 1
Fp(B) = 2 :eﬂ%m <VmB V; — E(Vm V,;‘B + BV, V;))
m=1

E)

1
+ VBV, — E(V’: VinB + BV V). (4.62)

We note here that this operator has the form of the dissipative part of a Lindblad
generator. We’ll come back to this operator I'g in connection to the modelization
in terms of Quantum Noises proposed in Ref. 13 and Ref. 3, in the next Section.

Corollary 4.1.  Assume the hypotheses of Theorem 4.1. Then witht/(tA)* =k €
N,

m  Up.o(0) "/ By(t/(t1)* A, 1))

10,2270
t/(th)2eN

= lim Upo(O) U, 7)F(B) = THB).,  (4.63)

70,1270
1/(x1)2eN
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were I'g(B) is defined in (4.62).

Proof We can simply repeat the arguments of the proof Theorem 3.1 once we
note the following facts: i) The operator Uy o(0) = €'*1"o-1 is unitary on M, (C),
with spectral projectors that are independent of T as ¢ — 0 and eigenvalues of the

form 74/ . i) Introducing x = (A7)?, (4.51) states that uniformly in ,
Us(h, T) = Uy 0(0) + x T(x)/(T>2(B)) + O(x?), (4.64)
where Tp(t)/t> — I'gast — 0. O

4.3. Evolution of States

Let us close this Section by briefly recalling some consequences of these
results about the evolution of states, i.e. trace one positive matrices. This is con-
veniently done in our setup by using duality with respect to the scalar product
(A|B) = Tr(A*B).

If I is the generator of the dynamics of observables, B is an observable and
p is a state, then for any ¢ € R,

Tr(pe'" (B)) = Tr(e"(0) B) (4.65)

where the generator of the dynamics of the states is I', such that for all states p
and observables B,

Te(Tu(p))*B) = (p | T(B)) = (T*p | B). (4.66)

In the particular case where the observables P;; = |x;) (x|, with the notations
of (4.57), form an orthonormal basis of eigenvectors of the restricted uncoupled
evolution Uy o, the corresponding eigenprojectors are denoted by IT ;; and act as

[x(B) = PjxTr(| xg)(x; | B) = Pu(x; | Bxp)n,, (4.67)

where the subscript H denotes the scalar product within H,. Hence, the # opera-
tion on the operator I with respect to the projectors IT ; is given by

I*(B)=> T (B)=> " |x;)xx | (xj | T(x;) (e Dxi)agg (x; | Bxe)ag,-
ik ik
! ’ (4.68)

Therefore, one computes that the corresponding generator of states, (I'), is given
by

o) = 3 1) el (e | TC0x ) 0xil o by 0 | i)y (4.69)
.k
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Consequently,

(M) =Y M = (T (4.70)
Jok
We note that states defined as functions of the Hamiltonian #( of the small
system form an invariant subspace of sets whose Markovian dynamics is charac-
terized by the scalars {(x; | I'(|x;){x;)x )} j=0,...a-

5. BEYOND THE PERTURBATIVE REGIME: 1’7 = 1

We consider here the regime A>t = 1, and T — 0 used in Ref. 3 in their
construction of the field of quantum noises. It can be viewed as a regime where
the weak limit scaling holds at the microscopic level, while, at the macroscopic
level, T = t/(tA?) is kept finite.

As we saw in Corollaries 3.3 and 4.1 in the Schrédinger and Heisenberg
pictures respectively, the small parameter that allows to make use of perturbation
theory to compute the effective evolution is the combination A>z. Therefore, we
have to resort to a different technique since our scaling imposes a non-perturbative
regime. Our main tool will be Chernoff’s Theorem as we now explain.

5.1. Schrodinger Evolution

Let us start with the Schrodinger effective evolution under the following
assumptions:

H3: Hypothesis H1 holds with 5 a Hilbert space and P, H(A) = H(0) + AW
self-adjoint.

In the scaling adopted here, the number of interactions » has to grow like
n = t/t. This is in keeping with the fact that in all cases considered so far,
n =1t/(At)> = t/7. Note that the macroscopic time T = tn = ¢ is finite here.
Therefore, according to the analysis of Sec. 3, we are led to study.

PU(t/7,0)P = [Pe "CHOWTMPTT " as ¢ 50, t/reN.  (5.1)
This limit is easily computed by applying the following version of Chernoft’s

Theorem, see e.g., ©7'4) which suffices for our purpose:

Theorem 5.1.  Let S(v) defined on a Banach space B be such that S(0) = 1, and
1S < 1forall T > 0. If, lim,_.o =" (S(t) — I) = T in the strong sense exists
in L(B) and generates a contraction semi-group, then

s —limS(t/n)" = e'". (5.2)
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Now, it is easily checked that
S(1) := Pe 'CHOTM P on the subspace  PB (5.3)

satisfies the first requirements. Then, by expanding the exponent and making use
of the properties of H(0) and W, we can write

S(r) = (11 —iTH(0)p — %(WZ)P n 0(t2)>. (5.4)
It thus implies

2
SOz = —i HO)p — L7

=T e L(PB). (5.5)
Now I’ is dissipative, since Yo € PB
Mo | To) = —2p | PWOWP¢)/2 = —|OW P¢lp/2 <0.  (5.6)

Hence, by Lumer-Phillips, see, ') " generates a contraction semigroup. Therefore

Theorem 5.2.  Under the hypothesis H3, for any t > 0 fixed,

. . wz
s — linol PU(t/t,0)P =5 — lir{]l [pe—z(rH(0)+ﬁW)P]t/t — o 1HO)p+F2)
t/teN t/teN

5.7

Remark. Specializing to our model Hamiltonian, we get that the effective dynam-
icson PBis

T3 X VIV, (5.8)

Apart from the self-adjoint part /( stemming from the uncoupled evolution,
the main difference with respect to the corresponding weak coupling result in
Corollary 3.3, lies in the absence of the # operation on the dissipative part
%Z ; ViV, of the generator. This prevents the spectral subspaces of &g from
being invariant under the effective dynamics.

5.2. Heisenberg Evolution

Let us now turn to the more interesting case of the Heisenberg dynamics of
observables when the spins are at equilibrium at inverse temperature 8. We assume
the general hypothesis HO, i.e. we stick to our matrix model, even though certain
results below hold for more general situations.

The analysis of Sec. 4 shows that the evolution of an observable B € M;,(C)
after k repeated interactions reads

B+ Bg(k, A, T) = Up(r, T)Y(B) (5.9)
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with Ug(A, T) defined by (4.47), where we explicited the dependence in 7 in
the notation. We want to apply Chernoff’s Theorem again to the operator valued
function t — Ug(1//T, T) on L(My41(C)). In order to check the first hypotheses
we recall the formula (see (4.10))

Up(r, T)(B) = Trr(IL @ o1 (B)U (1, 0)(B @ DU(1, 0))

n e‘ﬂaq
= Z %B(r)qq, (5.10)
q=0

where  B(t),, = (U~(1,0)(B ® HU(1, 0)),, = P,U(1,0)(B @ )U(1,0)P,
according to the block notation (4.21), with the corresponding orthogonal pro-
jectors P,. Identifying P, C" ™ with H, = C**', we deduce from the above
formula that Ug(X, T) is a contraction for any value of the parameters:

TS
Uy DB Ho < Z Bl
Z %”P U~ 1(1, 0)(B @ DU(1, 0) P, || g+
n e_ﬂsq
= (5.11)
255

Moreover, Ug(1/+/T, T)l-=0 = L, so we are left with the computation of the deriva-
tive w.r.t. T at the origin. This involves the control of the operator U, (1) (3.20) as
T — 0and A = 1/4/T — 00, as in the previous paragraph. Let us get estimates in
a more systematic way than above. So far, all our estimates are derived for both A
and 7 going to zero or at most finite. However, the expansion of U, (}) in powers of
A is convergent, with T dependent coefficients we control sufficiently well. Indeed,
(3.33) yields

U:(0) =e 000, 1) =) e 00,0, 1), (5.12)

n>0

where ©,, contains n operators ¥ and satisfies
1©,(%, )l = O((z2)"/n)). (5.13)

Using the fact that (A7) = /> — 0 and that J¥ is off-diagonal with respect to
P and Q, we get that the replacement of A by 1/./T doesn’t spoil the estimates
as T — 0 given in Proposition 4.1 and Lemma 4.5. Those together with the
computation (4.62) yield

Us(1/5/T, T)(B) = ™" Be "™ + (Z(B)r) ' Tp(1)(B) + O(z?)
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= '™ BeT'™M 4 1 Ts(B) + O(1?), (5.14)
where, see (4.62),
1
I( e~ P <VmBVn”; — ~(VuVB + BV, V,;’;))
o Z(ﬂ) Z 2
1
+V BV, — E(V,;‘VmB—i—BV,j;V ). (5.15)

Hence, the derivative at the origin exists and is given by
Up(1//7, 7 (B)lrzo = ilho, B] + T4(B). (5.16)

We recognize at once that I'g(B) is the dissipative part of a Lindblad operator
of the form

- * 1 * *
ZLjBLj—E(LijB—I—BLJLj) (5.17)
with
e P32 ‘ (.
Li=——V;,, 1<j<m and L,=—"=V" m+1=<j<2m.
TVER VEB)
(5.18)
By the Theorem of Lindblad, see e.g.,") we know that
ilho. B] + Ts(B) (5.19)

generates a completely positive semigroup of contractions. Therefore, we are in a
position to apply Chernoff’s theorem to eventually get

Theorem 5.3. Assume hypothesis HO where Hy is a separable Hilbert space and
ho, the V;s and B are bounded on H. Let Bg(t/t, 13/7, T) be defined by (4.4),
Up(A, T) is defined by proposition 4.1 and the Remark following it. Then

s — linoq Bg(t/t, 1/J/T,T) =5 — 1ir¥), Ug(1/4/7, 7)/7(B) = &' 1T ()
t/teN t/teN

(5.20)
with a Lindblad generator i[hy, -] + I'g(-) explicited in (5.17)

Remarks

(1) Let us make a comparison of the above with the results of Ref. 3, Sec. 4.2,
which concern similar generators as ours. More precisely, (2.6) corresponds
to a particular case of the Hamiltonian of Eq. (15) in Ref. 3 with D;; =
0,Vi, j. In Ref. 3 the choice of time scale T and coupling A is such
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that A>T = 1,7 — 0. A supplementary structure is present in that work
which consists in making the suitably renormalized spins forming the chain
merge in the limit t — 0 to yield a heat bath represented by a Fock space
of quantum noises. The limit T — 0 performed in the language adopted
in Ref. 3 exists and yields a quantum Langevin equation for the whole
limiting system consisting in the original small system in interaction with
a field of quantum noises. When restricted to Hy, the effective dynamics
of observables at zero temperature corresponds to a contraction semigroup
generated by

“ 1
Poo() = ilho, 1+ ) (V,:: V= SV 4 V;Vm)) . (521
m=1

which coincides with Theorem 5.3 at 8 = oco.

(ii) The generator I'? coincides with the generator (4.62) obtained in
Corollary 4.1 in the scaling At — 0, 7 — 0, modulo the # operation,
which appears as a trade mark of the perturbative regime.

5.3. The Continuous Limit

For completeness, we mention here the easier cases of continuous limit char-
acterized by T — 0 and A constant. The omitted proof are quite analogous to those
of the previous Section.

First considering the Schrodinger picture, we get

Proposition 5.1.  Assume the hypothesis H3 holds and fix . = 1. Then,

s = lim PU(t/T,0)P = 5 — lim [ Pe™"HOMN pIT = =it O (5 2)
t/teN t/teN

The Heisenberg evolution also yields a unitary effective evolution in the
continuous limit:
Proposition 5.2.  Consider the matrix model of Sec. 2 and fix .. = 1. Then,

lim By(1/7,7,1) = el 1(B). (5.23)

t/teN

In order to make explicit the results of Sec. 4, we provide below a detailed
analysis of the case d = n = 1.
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6. THECASEd=n=1

In that Section, we focus on the first non-trivial case where the small system
lives on C? and the heat bath is formed by a chain of spins 1/2. We provide explicit
formulas for Ty and T, g which are valid for any coupling operator V' appearing
in (2.8). We further diagonalize the restriction of T to the degenerate subspace
Ker(Uy o(0) — 1) in order to determine the subalgebra of observables invariant
under the effective dynamics in the weak coupling limit (keeping t fixed).

For Hy = C?, H = ®j21C2, we write fort € [t(k— 1), th[ in Hy ® C,f,

H(t,») = H(\) = H(0) + AW, (6.1)
where
HO)=ho®@I+I®da"a, W=V"®a+V®a". (6.2)

We choose, without loss of generality, 7y = €0, € # 0, so that we have in the
ordered basis {w @ w,x Q w, w ® x, x ® x}

€0, AV ) ) -1 0
H() = ,  with the convention o, = . (6.3)
AV b+ €0, 0 1

Specifying the results of the previous sections to the case under study, we can
write, uniformly in 8, as A — 0,

Up(X) = Up,0(0) + )\ZL_ + 0, (6.4)
1+ e %
with
Ty(B) = Foa(—T)BFy0(t) + Goo(—1)Be ™00 4 It 0O B Gy (1)
+ e (F1 o(—1)BF,1(t) + Gi1(—1)Be ™10 4 1O B G (7).
(6.5)

We use the norm induced by the scalar product (4, B) = Tr(4*B), i.e. the
Hilbert-Schmidt norm. As easily verified, an orthonormal basis of eigenvectors
for the unitary operator Uy o(0)(-) = €7 - ¢~'¢% with associated eigenvalues,
is provided by

(-1 6., 0_, 00} < {1, 1, %7€ %7€}, (6.6)
where
0 0 0 1 .
a+=(l O),ozz(o 0), [=1/vV2 and 6.=0./v/2. (6.7

Let us compute 7} restricted to the subspace Ker (U 0(0) — 1) appearing in T, ;3# .
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Lemma 6.1. With respect to the orthonormal basis {]T, 6.}, and with the notation

oD 0 b ) a b
AY" = if A= € M(C) (6.8)
c 0 c d
we have
o (0 Tﬁl,z) 69)
Blsy = :
thed 0 Tﬂz.z
where

T, = (|(F1(,)0D)2,1 |2 - |(F1(,)0D)1,2|2)(1 - e_aﬂ)
T = (RO + e P [FEP L) = PP +e ) <0, 610)
Furthermore, ifin (2.8) V = (2 ﬁ),

PAIGE) for 58 a PAIC) fot £i506-26) g ¢ b
e—iT(e+d) for oSG2 gg ¢ o—iT(e+d) for o ds d (6.11)

Fro(t) = —i (

Proof The first column is proportional to 7g(I) = 0. The second column of the

matrix is given by
2\ Tr(o.Tg(02)) ' '

where, dropping the positive argument t in F and further making use of (3.36)
and (3.37),

Tﬁ(Uz)) = FﬁOGzFl,O + Gsyoo'ze_ifHO'O(O) + eiIHO'O(O)GZGO,O
4% (F(i1UzF0,l + GT,lo.zefirHl,l(O) + eiTH"I(O)UzGl,l) . (6.13)

Further making use of the cyclicity of the trace, [0, H, ,(0)] = 0,02 = I and of
(3.36) and (3.37) again, we can write

TI'(UZTﬂ(O'Z))) = Tr(o'zFl*,()O'zFl,O) — TI'(FI*,OF],())

+ e % (Tr(o. Fy0-Fo.1) — Tr(Fg 1 Fo.1)).- (6.14)

Explicit computations on 2 x 2 matrices yields the first equality in (6.10). Let us
turn to (6.11). From the definitions (3.23) and (2.8), we have

_ @ F(),](‘L')
F(r)—<FLO(T) o ) (6.15)
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where
Foa(t) = —i [ e = o0 @) e p=is i (0) g6 (6.16)
0
T
Fou(t) = —i f e T HooO) o =is Hoo(0) g5 (6.17)
0
By explicit computations with V" as in the statement, we obtain
- . eire Of efiséds a eire OT 87i5(8+2€)ds ¢ 618
0,1(7) = —i T [T o020 b i [T e isids @ (6.18)
- . eir(efé) fOT eiséds a eir(efé) /‘07 eis(572e)ds b 619
10(7) = —i e—iT(e+d) fot oS0 g ¢ piTle+d) for ds d . (6.19)
which yields the expression for 7p, .
By similar manipulations we get
TI'(I[TIB(O'Z)) = TI‘(F]*,OO'ZFL()) — TI‘(O’ZF?"OFL())
+ e P (Tr(Fy 0. Fy,1) — Tr(o- Fy Fo,1)).- (6.20)
Now, for any F' € M,(C),
Tr(o:(FF* — F*F)) = 2(|Fa1 > = | Fial), (6.21)
so that we get the first line of (6.10). O

We also need to compute Tr(o—Tg(0)) and Tr(oy Tg(c-)) to get T, ;f .

Lemma 6.2. By explicit computation and Lemma 4.7, we have
Tr(o-Tp(04)) = Tr(oy Tp(0-))
= (FLo11(Fro)2 + €™ (Goo)ri + (Go0)2.2)
+e P (Fon1(Foa)22 + €7 (@™ (G + e (Gr1)22)) -
(6.22)

It remains to diagonalize the restriction of 74 to span(ﬁ, 6,) to have a complete
description of the generator of the effective evolution. Introducing

H= T.BI,Z’ V= Tﬂz.z’ (623)

we actually get by perturbation theory,
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Lemma 6.3. Assume €t ¢ Zmw. Then, for ) > 0, there exists a continuous
set of eigenprojectors and eigenvalues of Ug(\, T) denoted respectively by
{T1;(M)}j=1....4 and {u j(A)}j=1,... .4 Such that

(X)) = 14+ 00%),

uy (M) = 1= 2| FEP U + 0%, (6.24)
us(h) = ¥ + A2Tr(o_Tg(oy)) + OY),

us(A) = e 1€ 422 Tr(o_ + Tp(o)) + O(AY),

and

Tr((I— £o.)B)
2

Tr(o,B)
Rt

M, (AM)(B) = I+ 02,

I,(A\)(B) = sy > + 0%

[13(A)(B) = Tr(o_B)o, + O(1?),
[1,(A\)(B) = Tr(oyB)o_ + O(1?). (6.25)

Moreover, T1j := I1;(0) 4 I1,(0), I15(0) and T14(0) are the spectral projectors of
Uo,0(0) and {T1;(0)} j—1,... 4 are those of Tg.

Hence, we obtain the

Proposition 6.1. Lett/1> = k € N, and consider the Hamiltonian (6.3). Then

lim 2o o(0)"/* B(¢/37, B.2) = lim Uoo(O) ™ Uy o) ¥ (B) = & (B).
(6.26)

were

Ly = 1+ 6*5/3 (

+ e T (0 Ty(01)) 15(0) + € Tr(o Ty(o_NIL(0).  (627)

| 7% [ T2(0)

The dynamics of any observable is thus fully determined from these
formulas.
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